
矩阵分析作业 (4 ∼ 6)

应数 2101 杨嘉昱 2216113458

2023年 4月 14日

第四次作业

【题目 1】 证明 Hamilton-Cayley定理:

证明.
A n n = 1 n − 1 n A

λ A α1

Aα1 = λα1.

α1 Cn {α1, · · · , αn}

P = (α1, · · · , αn) .

P

AP = A (α1, · · · , αn) = (Aα1, · · · , Aαn) = (λα1, Aα2, · · · , Aαn)

{α1, · · · , αn} Cn AP

AP = (α1, ·, αn)

(
λ ∗
0 A1

)

A1 n − 1

P−1 AP =

(
λ ∗
0 A1

)
n − 1 Q Q−1 A1Q

R = P

(
1 O

O Q

)

R−1 AR =

(
λ ∗
0 Q−1 A1Q

)
A

K n A P P−1 AP = B B A

B

f (x) =
n

∑
k=0

akxk =
n

∏
j=1

(x − λj).

{λj}n
j=1 B

1



杨嘉昱 2216113458

B =


λ1 a12 · · · a1n

λ2 · · · a2n
. . .

...
ann


ε1, · · · , εn

Bε1 = λ1ε1

Bε2 = a12ε1 + λ2ε2

· · ·

Bεn = a12ε1 + · · ·+ λnεn

Bε1 = λ1ε1

f (B)ε j =

(
∏

2≤i≤n
(B − λi I)

)
· (B − λ1 I)ε1 = 0

1 ≤ j ≤ n i < j

f (B)εi = 0

ε j

f (B)ε =

(
n

∏
i=j+1

(B − λi I)

)(
j−1

∏
i=1

(B − λi I)

)
· (B − λj I)ε j

=

(
n

∏
i=j+1

(B − λi I)

)(
j−1

∏
i=1

(B − λi I)

)
· (B − λj I)

(
j−1

∑
i=1

a1iεi

)

=
j−1

∑
i=1

(
n

∏
i=j+1

(B − λi I)

)(
j−1

∏
i=1

(B − λi I)

)
· (B − λj I)ε j = 0

f (B) = O.

f (A) = a0 I +
n

∑
k=1

ak Ak = P f (B)P−1 = O.

【题目 2】 如果 A ∈ Cn×n 且满足 (A − I)(A − 2I)(A − 3I) = O，证明 A是可对角化的。

证明. (A − I)(A − 2I)(A − 3I) = O

f (x) = (x − 1)(x − 2)(x − 3)

A A m(x) | f (x) m(x) A

【题目 3】 求矩阵的不变因子 
λ − 2 1 −1

−2 λ − 2 1

−1 −2 λ + 1

 .
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解. λ- 
λ − 2 1 −1

−2 λ − 2 1

−1 −2 λ + 1

 −→


1

λ − 1 3

(λ − 1)2



D3(λ) = (λ − 1)3 D2(λ) = 1 D1(λ) = 1

g1(λ) = 1 g2(λ) = 1 g3(λ) = (λ − 1)3.

【题目 4】 求矩阵的初等因子 
λ − 1 −1

λ − 1 −1

λ −1

5 4 3 λ + 2

 .

解.

A =


λ − 1 −1

λ − 1 −1

λ −1

5 4 3 λ + 2

 .

A

1, 1, 1, |A|.

A = x4 + 4 = (x + 1 + i) (x + 1 − i) (x − 1 + i) (x − 1 − i)

(x + 1 + i) (x + 1 − i) (x − 1 + i) (x − 1 − i)

【题目 5】 求矩阵的 Jordan标准形 
3 1

−4 −1

6 1 2 1

−14 5 −1 0


解.

A =


3 1

−4 −1

6 1 2 1

−14 5 −1 0


λI − A λ-

(λ − 1)2 (λ − 1)2.
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A Jordan

J =


1 1

0 1

1 1

0 1

 .

第五次作业

【题目 6】 证明矩阵 A与 B相似等价于 λI − A与 λI − B等价。

证明.
A B S

A = S−1BS.

S−1(λI − B)S = λI − S−1BS = λI − B.

λI − A λI − B

λI − A λI − B λ U(λ), V(λ)

U(λ)(λI − A)V(λ) = λI − B =⇒ U(λ)(λI − A) = (λI − B)V(λ)−1.

U0, V0 λ- P(λ), Q(λ)

U(λ) = (λI − B)P(λ) + U0 V(λ) = Q(λ)(λI − A) + V0.

(λI − B)
(

P(λ)(λI − A)− V(λ)−1
)
= −U0(λI − A).

P(λ)(λI − A)− V(λ)−1

T

T = P(λ)(λI − A)− V(λ)−1 =⇒ (λI − B)T = −U0(λI − A)

λ(T + U0) = BT + U0 A.

T + U0 = BT + U0 A = 0.

T

T = P(λ)(λI − A)− V(λ)−1 =⇒ TV(λ)− P(λ)(λI − A)V(λ) = I

P(λ)(λI − A)V(λ) = P(λ)U(λ)−1(λI − B), V(λ) = Q(λ)(λI − A) + V0

TV0 +
(

TQ(λ)− P(λ)U(λ)−1
)
(λI − A) = I

I = TV0
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【题目 7】 证明 Schur不等式:若 n阶复方阵 A = (aij)的特征值为 λ1, · · · , λn,则有:

n

∑
j=1

|λj|2 ≤
n

∑
i=1

n

∑
j=1

|aij|2.

等号成立当且仅当 A是正定矩阵。

证明. A T U

UAUH = T

T tjj (1 ≤ j ≤ n) A

n

∑
j=1

|λj|2 =
n

∑
j=1

|tjj|2 ≤
n

∑
j=1

|tjj|2 + ∑
i<j

|tij|2 = tr
(

TTH
)
= tr

(
AAH

)
= ∑

1≤i,j≤n
|aij|2.

A TTT = TTT TTH

∑
i<j

|tij|2 = 0 =⇒ ∑
1≤j≤n

|λj|2 = ∑
1≤i,j≤n

|aij|2.

【题目 8】 求矩阵正交分解和满秩分解 
1 −1 1 4

−1 1 −1 −2

1 1 −1 −2

−1 −1 1 4


解.

: A = (α1, α2, α3, α4)

β1 = α1

β2 = α2 −
(β1, α2)

(β1, β1)
β1 = α2

β3 = α3 −
(β1, α3)

(β1, β1)
β1 −

(β2, α3)

(β2, β2)
β2 = α3 − α2

β4 = α4 −
(β1, α4)

(β1, β1)
β1 −

(β2, α4)

(β2, β2)
β2 −

(β3, α4)

(β3, β3)
β3 = α4 −

3
2

α2 −
3
2

α3

(β1, · · · , β4) = (α1, · · · , α4)


1

1 −1 − 3
2

1 − 3
2

1


ε j = β j/|β j|(1 ≤ j ≤ 4)

(β1, · · · , β4) = (ε1, · · · , ε4)


2

2

4

2
√

10


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Q = (ε1, · · · , ε4)

R =


2

2

4

2
√

10




1

1 −1 − 3
2

1 − 3
2

1


−1

=


2

2 4 6
√

10

4 3
√

10

2
√

10



A = QR.

: A

A −→


1

1 −1

2

0



A =


1 1 4

−1 −1 −2

1 −1 −2

−1 1 4




1

1 −1

2



【题目 9】 请问 A是否为正规矩阵?若是，求它的酉相似对角分解
−1 i 0

−i 0 i

0 −i −1


解. A

AH = A

A |λI − A| = 0

λ(λ + 1)(λ + 2) = 0 λ1 = 0, λ2 = −1, λ3 = −2

λ = 0

ξ1 = (1,−i, 1)T

λ = −1

ξ2 = (−1, 0, 1)T

λ = −2

ξ3 = (1, i,−1)T

U =

(
1√
3

ξ1,
1√
2

ξ2,
1√
3

ξ3

)

A = UΛUH.

Λ = diag{0,−1,−2}
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第六次作业

【题目 10】 求矩阵的奇异值分解 (
1 0 1

0 1 −1

)
解. A

A = SVDH.

AAH = SV2SH

AAT =

(
2 −1

−1 2

)
λ = 1, 3

s1 =
1√
2
(1, 1)T, s2 =

1√
2
(1,−1)T

AT A λ = 1, 3, 0 V = diag{1,
√

3}

D = AHV−1S =
1√
2


1 0

0 1

1 −1


(

1 1

1 −1

)(
1

1/
√

3

)
=

1√
2


1√
3

1

− 1√
3

1
2√
3

0


AH A 1, 3

d1 =
1√
6
(1,−1, 2)T, d2 =

1√
2
(1, 1, 0)T.

d3 d1, d2

d3 =
1√
3
(1,−1,−1)T

A =
(

s1 s2

)(1 0 0

0 3 0

)
dT

1

dT
2

dT
3


A

【题目 11】 考虑空间 C4 ，取其基底为

B = {(1, 0, 0, 0)T, (1, 1, 0, 0)T, (1, 1, 1, 0)T, (1, 1, 1, 1)T} = {αM, βM, αL, βL}

令

M = span{αM, βM}, L = span{αL, βL}.

则有 C4 = M ⊕ L，定义线性变换 T为

T : C4 −→ C4

(x1, x2, x3, x4)
T 7→ (x3, x3, x3, x4)

T

证明 T是一个沿着 M向 L的投影算子。
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证明. L = R(T)

∀ x ∈ L k1, k2 ∈ C

x = k1αL + k2βL = k1(1, 1, 1, 0)T + k2(1, 1, 1, 1)T = (k1 + k2)(1, 1, 1, 0)T + k2(0, 0, 0, 1)T.

x = T((k1 + k2)αL + k2βL) ∈ R(T) =⇒ L ⊆ R(T).

∀ x = (x1, x2, x3, x4)
T ∈ C

T(x) = (x3 − x4)(1, 1, 1, 0)T + x4(1, 1, 1, 1)T ∈ L =⇒ R(T) ⊆ L.

L = R(T)

M = N(T)

∀ x ∈ M ℓ1, ℓ2 ∈ C

x = ℓ1(1, 0, 0, 0)T + ℓ2(1, 1, 0, 0)T

T(x) = (0, 0, 0, 0)T =⇒ M ⊆ N(T).

T(x) =


0 0 1 0

0 0 1 0

0 0 1 0

0 0 0 1

 x = Ax

∀ x ∈ N(T)

Ax = 0

x = k1(1, 0, 0, 0)T + k2(0, 1, 0, 0)T. = k1α + k1β.

N(T) = span{α, β} = spanαM, βM = M.

N(T) = M

T|L = I

T(αL, βL) =


1 1

1 1

1 1

0 1

 = (αL, βL)I.

T M L

【题目 12】 若 T改为

T(x1, x2, x3, x4)
T = (x3 + x4, x3 + x4, x3 + x4, x4)

T

证明 T不是一个沿着 M向 L的投影算子。

证明.

T(αL, βL) =


1 2

1 1

1 2

0 2

 = (αL, βL)

(
1 1

0 1

)

T|L T M L
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