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【题目 1】 用 (X(t), Y(t))表示二维标准布朗运动吗证明对任意的常数 θ,

W(t) = X(t) cos θ + Y(t) sin θ

是标准的布朗运动

Proof. X(t), Y(t) ∼ N (0, t).

W(t) ∼ N (0, t)

W(s)

EW(t) = 0.

t ≥ s ≥ 0

E(W(s)W(t)) = cos2 θE(X(t)X(s)) + cos θ sin θ (EX(t)Y(s) + EY(t)X(s)) + sin2 θE(Y(t)Y(s))

= cos2 θs + sin2 s = s.

W(t)

【题目 2】 对于标准布朗运动 {B(t)}，在条件 B(1) = 0下

1. 计算 {B(t)|B(1) = 0}的数学期望和协方差函数

2. 验证 {B(t)|B(1) = 0}是正态过程

3. 验证 {B(t)|B(1) = 0}是布朗桥

Proof. ∀ t > 0 B(t) = B {B(s)}0<s<t :

P(B(s) ≤ x|B(t) = B) = lim
ε→0

P(B(s) ≤ x, B < B(t) < B + ε)

P(B < B(t) < B + ε)

= lim
ε→0

P(B(s) ≤ x, B − B(s) < B(t)− B(s) < B − B(s) + ε)

P(B < B(t) < B + ε)

= lim
ε→0

´ x
−∞

(´ B−u+ε
B−u

1
2π
√

s(t−s)
exp

(
− v2

2(t−s) −
u2

2s

)
dv
)

du

´ B+ε
B

1√
2πt

exp
(
− u2

2t

)
du

x

fs|t(x) =
1√

2πs(t − s)/t
exp

(
− (B − u)2

2(t − s)
− u2

2s
+

B2

2t

)
=

1√
2πs(t − s)/t

exp
(
− (x − Bs/t)2

2s(t − s)/t

)
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B(s)|B(t) = B ∼ N
(

Bs
t

,
s(t − s)

t

)

E(B(t)|B(1) = 0) = 0

{B(t)|B(1) = 0}
{B(t)|B(1) = 0} 0 ≤ s ≤ t

Cov(B(s)|B(1) = 0, B(t)|B(1) = 0) = E(B(s)B(t)|B(1) = 0)

E(B(s)B(t)|B(1) = 0) = E

(
E
(

B(s)B(t)
∣∣∣B(t), B(1) = 0

) ∣∣∣∣∣E(0) = 1

)

= E

(
B(t)E

(
B(s)

∣∣∣B(t), B(1) = 0
) ∣∣∣∣∣E(0) = 1

)

P (B(s) ≤ x|B(t) = a, B(1) = 0)

= lim
ε→0

P (B(s) ≤ x, a < B(t) < ε + a, 0 < B(1) < ε)

P(a < B(t) < ε + a, 0 < B(1) < ε)

= lim
ε→0

P(B(s) ≤ x, a − B(s) < B(t)− B(s) < ε + a − B(s),−a < B(1) < ε − a)
P(a − B(s) < B(t)− B(s) < ε + a − B(s),−a < B(1) < ε − a)

= lim
ε→0

P(B(s) ≤ x, a − B(s) < B(t)− B(s) < ε + a − B(s))P(−a < B(1) < ε − a)
P(a − B(s) < B(t)− B(s) < ε + a − B(s))P(−a < B(1) < ε − a)

= lim
ε→0

P(B(s) ≤ x, a − B(s) < B(t)− B(s) < ε + a − B(s))
P(a − B(s) < B(t)− B(s) < ε + a − B(s))

=P (B(s) ≤ x|B(t) = a)

E
(

B(s)
∣∣∣B(t), B(1) = 0

)
= E

(
B(s)

∣∣∣B(t)0)

E(B(s)B(t)|B(1) = 0) = E

(
B(t)E

(
B(s)

∣∣∣B(t)) ∣∣∣∣∣E(0) = 1

)

=
s
t
E
(

B(t)2|E(0) = 1
)
=

s
t
· t(1 − t)

1
= s(1 − t).

{B(t)|B(1) = 0} .

【题目 3】 对于布朗桥 {X(t)}0≤t≤1，验证

W(t) = (t + 1)X
(

t
1 + t

)
是标准的布朗运动。

Proof. X(t)

X(t) = B(t)− tB(1), t ∈ [0, 1]

B(t)

W(t) = (t + 1)
(

B
(

t
t + 1

)
− t

t + 1
B(1)

)
= (t + 1)B

(
t

t + 1

)
− tB(1).
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B(s) ∼ N (0, s)

(t + 1)B
(

t
t + 1

)
∼ N(0, t(t + 1)), tB(1) ∼ N (0, t2).

W(t) ∼ N(0, t).

0 ≤ s ≤ t

EW(s)W(t) = (t + 1)(s + 1)EX
(

s
1 + s

)
X
(

t
1 + t

)
= (t + 1)(s + 1)

s
1 + s

· 1
1 + t

= s.

W(t)

【题目 4】 设 X有连续的分布函数 F(y), X1, · · · , Xn 来自总体 X。定义 Yi = F(Xi)

1. 计算 Yi 的分布函数 G(y)

2. 写出基于随机变量 {Yi}经验函数 Gn(y)

3. 计算经验过程 {Dn(t)} = {
√

n (Gn(t)− G(t))}的协方差函数。

Solution.

1. F(y)

F−1(y) = inf{x : F(x) ≥ y},

ω ∈ (F(X) ≤ y) ⇐⇒ ω ∈ (X ≤ F−1(y))

y ∈ [0, 1]

Gi(y) = P(F(Xi) ≤ y) = P(Xi ≤ F−1(y)) = F
(

F−1(y)
)
= y

y > 1

Gi(y) = 1;

y < 0

Gi(y) = 0.

Gi(y) = y · χ[0,1](y).

2.

Gn(y) =
1
n

n

∑
i=1

χ(Yi≤y)

3.
Eχ(Yi≤y) = P(Yi ≤ y) = y = G(y)

E(Gn(t)− G(n)) =
1
n

n

∑
j=1

Eχ(Yj≤y) − G(y) = 0.

Cov(Dn(s), Dn(t)) = nCov (Gn(s)− Gn, Gn(t)− G(t)) = nCov (Gn(s), Gn(t))

=
1
n ∑

i,j

(
E
(

χYi≤s,Yj≤t

)
− Eχ(Yj≤s)Eχ(Yj≤t)

)
=

1
n

n

∑
j=1

χ(Yj≤s) − st = s(1 − t)
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