
随机过程第一次作业

应数 2101 杨嘉昱 2216113458

2024年 12月 13日

1 对于强度为 λ的 Poisson过程 {N(t)}，用 N(t−)表示区间 [0, t)内事件发生的个

数，则

1. N(t)− N(t−) = 0 a.s.

2. N[s, t] = N(t)− N(s−)是闭区间 [s, t]内发生的事件数

3. N[s, t] = N(s, t] a.s.

Proof.

1.
[0, t) = lim

n→∞

[
0, t − 1

n

]

P(N(t)− N(t−) = 0) = lim
n→∞

(
N(t)− N

(
t − 1

n

)
= 0

)
= lim

n→∞
e−λ/n = 0.

N(t)− N(t−) = 0 a.s.

2. N(t) [0, t] N(s−) [0, s) N[s, t]

[0, t] \ [0, s) = [s, t]

3.

P(N[s, t] = N(s, t]) = P(N(t)− N(s−) = N(t)− N(s)) = P(N(s)− N(s−) = 0) = 0.

2 求 SN(t) 和 SN(t)+1的分布。
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Solution.
SN(t) ≤ t < SN(t)+1.

u < t

P(SN(t) ≤ u) = P(N(t, u] = 0) = e−λ(u−t)

u ≥ t

P(SN(t) ≤ u) = 1

SN(t)

F(x) =

e−λ(u−t) u < t

1 u ≥ t

SN(t)+1 u ≥ t

P(SN(t)+1 > u) = P(N(t, u] = 0) = e−λ(u−t)

SN(t)+1

G(x) =

1 − e−λ(u−t) u ≥ t

0 u < t

3 设 {N1(t)}和 {N2(t)}是相互独立的、强度分别为 λ1, λ2的 Poisson过程。

1. 求 N0(t) = N1(t)− N2(t)的均值函数、相关函数和特征函数

2. 判断 N0(t) = N1(t)− N2(t)是否为 Poisson过程。

Solution.

1.
m(t) = EN0(t) = EN1(t)− EN2(t) = (λ1 − λ2)t.

R(t1, t2) = E (N0(t1)N0(t2))

= EN1(t1)N1(t2)− EN1(t1)N2(t2)− EN1(t2)N2(t1) + EN2(t1)N2(t2)

= EN1(t1)N1(t2) + EN2(t1)N2(t2)− 2λ1λ2t1t2

= λ2
1t1t2 + λ2

2t1t2 − 2λ1λ2t1t2 + (λ1 + λ2)min(t1, t2)

= (λ1 + λ2)
2t1t2 + (λ1 + λ2)min(t1, t2).

ϕ(s) = EeisN0(t) = EeisN1(t)e−isN2(t) = etλ1(eis−1) · etλ2(−eis−1)
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2.
N0(0) = N1(0)− N2(0) = 0

0 < s < t < r

E(N0(r)− N0(t))(N0(t)− N0(r))

=E ((N1(r)− N1(t))− (N2(r)− N2(t))) ((N1(t)− N1(s))− (N2(t)− N2(s)))

= (E(N1(r)− N1(t))− E(N2(r)− N2(t))) (E(N1(t)− N1(s))− E(N2(t)− N2(s)))

=E(N0(r)− N0(t)) · E(N0(t)− N0(r))

N0 N0

ϕ(s) = etλ1(eis−1) · etλ2(−eis−1)

N0(t) Poisson
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