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【Definition 1】 A C∞ map F : N → M is said to be an immersion (a submersion) at p ∈ N if its differential
dFp : TpN → TF(p)M is injective (surjective).

【Example 2】 The inclusion of Rn in a higher dimensional Rm

i
(

x1, · · · , xn
)
=
(

x1, · · · , xn, 0, · · · , 0
)

(1)

is an immersion.
The projection of Rn onto a lower-dimensional Rm

π
(

x1, · · · , xm, xm+1, · · · , xn
)
=
(

x1, · · · , xm
)

(2)

is a submersion.

【Definition 3】 Let F : N → M be a smooth map of manifolds. Its rank at a point p ∈ N, denoted by rankF(p),
is defined as the rank of the differential dFp : TpN → TF(p)M.

【Remark 4】 Relative to the coordinate neighbourhood
(

U, x1, · · · , xn
)

at p and
(

V, y1, · · · , ym
)

at F(p), the
differential is represented by the Jacobin matrix [∂Fi/∂xj(p)].

i.e. dFp

(
∂

∂x1

∣∣∣∣
p

, · · · ,
∂

∂xn

∣∣∣∣
p

)
=

(
∂

∂y1

∣∣∣∣
p

, · · · ,
∂

∂ym

∣∣∣∣
p

)
JF(p), JF(p) =

(
∂Fj

∂xi (p)
)
=

(
∂yi ◦ F ◦ ϕ−1

∂rj

∣∣∣∣
ϕ(p)

)

In summery, wehave

rankF(p) = dim
(

dFp(TpN)
)
= rank

(
∂Fj

∂xi (p)
)

【Theorem 5】(Constant rank theorem) Let N and M be manifolds of dimensions n and m respectively.
Suppose f : N → M has constant rank k in a neighbourhood of a point p in N. Then there are charts (U, ϕ)

near p in N and (V, ψ) near f (p) in M such that

1. ψ ◦ f ◦ ϕ−1
(

r1, · · · , rn
)
=
(

r1, · · · , rk, 0, · · · , 0
)

2. ϕ(p) = ψ( f (p)) = 0

【Proposition 6】 Let N and M be manifolds of dimensions n and m respectively. If a C∞ map f : N → M is
an immersion (submersion) at a point p ∈ N, then it has constant rank n (m) in a neighbourhood of p.

Proof. Let (U, ϕ) =
(

U, x1, · · · , xn
)

be a chart about p in N and (V, ψ) =
(

U, y1, · · · , yn
)

be a chart about
f (p) in M. It follows that the map d f can be represented by the matrix [∂ f i/∂xj(p)], where

∂ f i

∂xj (p) =
∂

∂xj

∣∣∣∣∣
ϕ(p)

yi ◦ f ◦ ϕ
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Hence
f is immersion at p ⇐⇒ d fp injective ⇐⇒ n ≤ m and rank

(
∂ f i

∂xj (p)
)
= n

f is submersion at p ⇐⇒ d fp surjective ⇐⇒ n ≥ m and rank
(

∂ f i

∂xj (p)
)
= m

It follows that
f is immersion or submersion at p ⇐⇒ f has maximal rank at p.

We now assume that f has maximal rank k at p. Consider the subset of U:

Dmax( f ) = {p ∈ U : d f has maximal rank at p}.

Since k is maximal, we have

rank( f )p = k ⇐⇒ rank
(

∂ f i

∂xj (p)
)
= k ⇐⇒ rank

(
∂ f i

∂xj (p)
)
≥ kn

Thus
U \ Dmax( f ) =

{
p ∈ U : rank

(
∂ f i

∂xj (p)
)
< n

}
which is equivalent to the vanishing of all k × k minors of the matrix [∂ f i/∂xj(p)]. As the zero set of finitely
many continuous functions, U \ Dmax( f ) is closed and thus Dmax( f ) is open. Then Dmax is a neighbourhood
of p which has constant rank k. And k = n if f is an immersion, k = m otherwise.

Since an immersion or a submersion at p has a constant rank in a neighbourhood of p, by Constant rank
theorem, we have:

【Theorem 7】 Let N and M be manifolds of dimensions n and m respectively.

1. (Immersion theorem) Suppose f : N → M is an immersion at p in N. Then there are charts (U, ϕ) near
p and (V, ϕ) near f (p) such that in a neighbourhood of ϕ(p),

• ϕ ◦ f ◦ ϕ−1
(

r1, · · · rn
)
=
(

r1, · · · rn, 0 · · · , 0
)

• ϕ(p) = ψ( f (p)) = 0

2. (Submersion theorem) Suppose f : N → M is an submersion at p in N. Then there are charts (U, ϕ) near
p and (V, ϕ) near f (p) such that in a neighbourhood of ϕ(p),

• ϕ ◦ f ◦ ϕ−1
(

r1, · · · rm, rm+1, · · · , rn
)
=
(

r1, · · · rm
)

• ϕ(p) = ψ( f (p)) = 0
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