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=g [DX:E)Z;D Y]]W *@I\)X, DIZ!\']]W ——
= - Qg [DX 1 D[Z/\']\‘W

TR (Dx,Z)N +7 RLY,Dx@) |V
=0 R(DeX, Y)W+ = R(GDr2) W
=c R(NDz X, Y)N- o R(DxZ, )W
= ¢ R(TzX1,Y)W.
= o [PrPexq]W - m Dryresm W
= ¢ fDY, Diz,x] W. \L

—

oDx RUTW) = - @ [Dx D)W - & [Py, Do JW
- LDy, D@ W— a IDy, Diza ]l W
= T (Dy,Drzgly —« [DY, DrzolW =q



S —
®3R(_%7(5/%\§ )—367(‘:) = Rijk X8
L

Rijk: ( 9_9)<5Fk Qx'rk* 'K m‘lﬂar’“)

_M. R(’()To i mk) D D-l.gxk Dgx' 2 'axk
Dg; D3 ik < D%;(R )
= ngrk axrw‘l' Fk 3)\,_9%’-“
’—‘(—@-rk* T’.J’““) QM
D% Dﬁ;;b%(h = (’ax']—);k“L 1’:1")1) XL
Rijyp; = ( %jﬁk Qx'rlc‘f uk}"m-{,kfm)

2. 2 2 9 - - _ ph
®- R (QX' ) IXI ) 9x€)7;3(m> B Rl\)k-‘l - ROIQ gmz.
M
or  Rijk = Rije 94"

By S Mgty . Riske = = Ryike.
| 2

Rijka + Reijg + Rjke =0

P|3\,1« let X be @ Mmooty Vet {ield (I,luu} @ Stooth  Surfuwe F
Denote §= feny X =Xy Then.

%;QXST - %s = R(%Lt)%g))(
BLOEE. YPeM et (U,3) = (U X x) be a load chomt mor p, ond .

X= X5 30 sy,

%)( = HAGH 3+ X Q%fs“@%‘
= R1X 2+ X afl Dy ax

Fodx = 960X Bt 9 2T Dy + 0 3ef) Dyl

+ XL asgt ZFJ Dc)J )t X Qtfjasfh DQk Da} I -
SehX = 42 Ximxi 4 A xud Dy di + XX s g




+ XL;)sDti Dyt + x3afipef= Dy Dy 3
P Fdh = XU %ef 257 (Da0 2 - Doy Do 2D
= X3Pk R(95,96) i
= R 0t1.2sf) X



43\
§=efﬁom\ CUr Vot -

Def | . Define.
. -\
Sec 1)Lﬁjjv\UpM) — IR
(u,v) — RWaup)
D Sec [l U)=0.

®.Sec (U,v) = el u)
@ Sec (su,+v) = St Sec(u) SR

dim M =\ = Ru x Y= Hore ofte-: e assume  cim M=2

wveTM,  ufy,

WAV Spruiw VY - 2~ plane
AN~NNVN) E?BP\ Il/Mv)

uAv) = A W vt = <!

Def . let
2= {v T 5 o 2- plone 5ATFM,?€M?
Define
Sec: 2 —K
Uuny r— %&“,{‘#—3 0.

Remark; 1f M : Yegulw urdave. w R dim oM = 1. =) Z:{TN"‘T
Tn this aee - See (pA4) = Gauss  Curvriure,

Remprk : &0 is well defined.  Lex
U= WAV = e Aes
Where <21, ¢5) =5ij .
Us W' ei Y= yigy



=) Sec (Wsv) = R(W,TWU V)

=  wvl R(€i,% , uV)

= WYPR(E L& U V)t WY R(ELE, WY
= (W Wv') R (&, e wV)

= (UWYz-w) R (81, &, 0,8)
lUrvl = [W'piow |

S?C ( t’u/\h) = Set (U AV

-n\eovem- 4w, X4 €M, Then

D2
RUX 4, = Toser )@m( S (Xtsu,Yttr) - SO S, q+’m))
of - SecUxtsuiyttw)= ROESM, ttr, xtsu, yrtr)

SRCU Y, Wiy +tv)1 S R(U-Yaiv, X, y+1)

+3 R(CX. Ytivw, W,Yt+1v) 4 Rx, Y+t , x, Y+
J
=) TsIoSecQX+$u,t4+‘ru) =2R( x, Y+1v, U, Yatr),

D 3eloROX Y4 tr,usY+te) = R(OXU,U,Y)+ ROXO Y%, W),
Tt follows ‘H’\Cl‘\'.

2
"3’&2\@,(,)(3@&Q><+Q& » $1tw) - e (X tsp, 4rtu) )

=2 (ROY v wy) ROk Y, ua 1) - ROGUUY) - R4, w)
ROV, way) = ROx U, v Y)

= R(wy, xw - R(wx 4w

=" Ry, 0uw = Rxiu, 41 - Riw xy,w

= R(x 4, u .

RBus



Def . 14

Sec (P = k YV TE€Y,
We oy A O s fold  with [onstort  Seviow\  CUrvothee K.
Exomple . R'~ o
n
MGk Lomplete
H" "~~~

Simply_ - Lomectedt

T}N)Orﬁn. M has Cohst0nt

SCHonal Curerme  k Uit
R (%4 un) = k([ <xur, vy 60 <ymy)
Haf
& YV ¢ U =€ A0, eiej =Xy
Se( (9];31) = Rl €, f, 6.0 = ,Q
=

2

|
ROay, Yw) =838 )wm (ge( (X+8U, y+ty) - Pl X+ SU, Y+1v ))
D‘l

o (s aGatvy 11 = [ecrsmangam |
| (x4 sw)A Wt 1

\\
<+ (-
= XSl Yetw) = <xesu et
L = 4&w<yw = 2 RuV)cuys + < XYr<u) )
T = 4<xa - 2K xaokda? 1< >< »)
=> 1"—,_[ =

6 [<x.u><5,v> — XKV HLUY )
=R Oy, u, v = k (<x U<y, = <x 1 Yw)

Ler  fiz)= Czea

r Z=X+\l‘g\ od— be =) . a.b,c,delg.
Q. fu)=p 1
Y ze Y Inz»o, thus. (el

Im F12) = lcztd!™ Im (az4h) (C2 td)



= Jez+d|” Im (ad2’+ beZ +adzth)
= [cztd|! - (Qd-be)Imz = Jeztd| " In € >0

s flere ™
Q4 (R)=FBAEQEE B Bk xh18
le+  w=f(®)= ‘Ea‘;ig then
2= %"ﬁ% = Ja-ew]™ (dw-b) ( o~civ )

= Ja-owl™ (adw + beiv - cllw) - b )
Pt Ze R( Implies +hp+ Re z=0 .
le.  —cd W'+ (adthe) Rew - dba =0,
@. JC"H-|1\> H® & Riemen i’so/nerrcgr.

Let  ZWy= Xb+iyuy he o cure o

df @)= df ($z)= drie
- A 5 3 - Z!
_ = f&w) 2 G

! 12" NASSUS |
| 20l = Bk /imfoz) =Ty 4 g - k.



ol

3y
“V‘ rl: {X = (X\’.” Xh) G]Rh: Xh>0} 3‘3(79: TKT)Q.
F =X F= logF
notion: 9y = F° Si; 9 - Fg
V- = 2 Vi A Fi=FA1
l X1 ly 9K‘M) L )

= 3L-l' Ax I dxXi axk
W ijk are distingt | ﬂ," Assume 14,
O Ty = $F 5% - s‘F’—a’;;—z - 3P aRR =- f
©. T’ = =F 9)?? = 3F&Ec -f
®.[i" "?'Fz"?égff = 7
®Ti' = i (34K - SE)= -,
o Tyl =Ty =Tid =Ty = - Fi

2. 9 2 2
R[ X' 7 oxJ 15)(7‘) = D‘%}JDQx\ _99)—(K - D&E D‘aa)?" 'gxk
- Dga’ [rk w - D ka%")
= e d 4 h T e - )

Tt " DT!E d
= ( '9];’ +r IJ“Q)QK“ I XL +rk r:‘()ﬁl

=) R"J"E . %_ ‘)QEJ(— (i Frn‘Gkﬁm
R')kk ‘Zkulg gsz F R')kﬂ
S L N s I
If ke distint Rijke =0
QO Riigkg =0



Tt
@ Rijie = P (e + 2" - T ﬁf))
PR TOLR- T TR TR

R w0+ fo (f) 0 +0 - (-F)fe.
=P fu 4 fife )

QO Rijki = - Rijik = - F={fie + 10

® Rijze = - Ryije = -F*° (fie+ fife)

ORijy = Rige = - F2 ikt fifi)

®Rijke = 0.

Q Riij; =0 _
® Riji; = F? V(- 20 %(ﬁ i T )

:Fi(ﬁ,rﬂ -Myﬁ )Jn-ggm+nm+nq)
= —F—Z(fj}’rfii —m+..)fm - (- {) ﬂ fl)()c)‘\' ﬁ)(—f\)“
=B Gty - e % -0 ($)CF)
=F2 (Surk; - & )
@ Ri)ji = ¥R'|3\J = ‘1:-2 Q(”""hj _m%)*fma)
[ Riiij = Riyy; <0
Fexn §= hx
][i = Oin o ﬁj = Oindjn O(—",)2

Ri)ig = F2 (f’,g +fjﬁe) = T2 Sdh&eh'(;;—’)i t @néonfg(nly)c'o
Riki =¥ (fje +fif) = O

. — -l ] —
Rijiy = F~ [ 8in Gy * BIJ" Ok n%—? Smn (x* )
- l _ _\
=N op j:r\ ~3 (Xh) 2 (xh)w = Q*‘)q‘

[ - N~ ’—1_' -——l— 08
‘:Fn) J:H" % Q(n)z (X) ()\)q'




P\}kQ = - F'% (5&8')11 —Bisszk\

: 2 _ )
¢ = /1% T Fw
let ¢CTM & 2 -pme , o= UV, lu=|vls
U= Uu'e; V- Ve

F (P = ) = Ry wr)
= WYy R(€i,e5,6 . e)
= WYInkyL Y Rijre
= T WVuRErt (85 &5e — Sie sik)
= W) ) + S Wi

—

)

W V=0,



wrphwe ot §
Tio,¢) = (S0 » tsosing, Cosp lesf)
;g(‘D,O) = (9, 0,1) =N

% = (oD ) -Shbsing ; ~ Sind cesp) 5}%’ lo,0) = (1, 0,01
‘%;Ltf = (O; M%SQP ; ~ UOSSSl\hﬁp) %(0,\)) = (O) \)O)

Tn8™ = spm {%5 [0,0) »‘3%100)} = Bl
X =%

[ %% = ((-Sine , -(sb3iny , — (osh mskp)T =0.

_ail LOJQ) = (DJ _’)O) = -0

3699
2 2 a
- 3@9 - “ga'éécp = R(S% 5o ) X
:> €. = R(el)(};) €

SQC(QI)%_) = R( 9'792 ) en‘o:.}
= < P(Pl)&)eu()?} <=|

V. imer produd spre.  dim V=1,
B: VxV—>R.
bilhaw- operotoe . ! lipew opprosr A1V >V
Blww = Zawud ¥ wr €V
B & +a
lex V= spon (&1}
Qi; = e g qij = (5)"
Mei = AJg Bij = Blene)



AN %;j: B(Ei,ej‘ )y = A€, e; 7
_ (AiRee, 67 = A3
AV = Bixgd
= |#rbk = traA= A = B!

T MxTM) —> M) s o 4esor. Defire tT: M R,
teT ¢y = tme T: TpMxTp M — IR
P~ (U,%) =(U, X, ~X) chomr -
e T = Ti') 931‘ e CX(M),
35 = 4 (3, %)

T:TEW) = c<UN) s 0 tenor k72 , [ 2Pk
Deine (KX (k)
TB,}B Xy, //)2d; ) )/EF y xk)
= T( Xegom Xa o™y Yaw, 7Kg, s Xero o Xe).
Te®) is o tensor of  (E2) - order,

(T\d’?) )(c/(:l, ,]\F k= Tl, vl 3_(°L %

R% ot fenson of  orden 4.

P\U( 2) R 151 R (1idy Row  Ros  Raa
| i

0. Q.
E&fgi Rum = Rioaty = - Riwy = - Ry,
R T Ra-1301

OeSine Ric. = Riaay.
(Ric ) i = Rine §*



TN _
Le+ 'ﬁa!.\/\t SPOh {P&Q, {e‘:,e;) = g’,-J—_
Ric (e(;e'))'=+m~& o—f R (ei.-, e, *)
Riei.e<.€.eq) 8%
= 2 R(eiex,ej,en)

r

(T h=2:
Ricce,e) = Rle, 2 0,00 = Sc(e, e
] n=3: a1

O\QT?M T = € Ae, [ R

3
Ric (e, e) = X5 Rien 0k, e,60) = Sx(ent)+ (e, &)

Ric(esm) = Ske(e, )+ e (8,8
Ric(e3,€:) = S (e, €)1 Fc (Bf)
P See(e,0) , Rc(e,€), Sect 8,1),
&i‘_; Scok. = TP(RFC)
A M Lonsint Curysdtme K.
= hin)k

Sco\

:SU-COb—I fiekd

Y :lo0] =7 M Shooth,
=) © (c.eryxhs) —> A Snah.
Swh=fwen ~—f=Y

+ J ik colles  Hhe varibtion of Y /j{

. _& = %‘% ‘3=o “Voriation et {leld. g

f VOrigction  Curves

¢ :[f s 0 0. geodesic foeM. ¢ y 'F k & 3eodesf( yariochon,

Y:[ooa] ks o geod’e&(c ) 'F s Q geodesic loratfon.

P! =%§ ,S:o .

1%

~“t



tfs :31%(128\1 = -ga,?%]cs=o.
2 2 2
w 0= 5%f = FEH + R D3
2 2

let 80 ,we howe .
0= 3-" T R('X’J J)y' Jamln’ SHjuedion.
Del ler Y DToo] 2M %0 guksc. Jie & Snh e fied ol O
3"+ RGHIY =0 =

I{ 1 sole ), J & ol Jowdi Fiew.

EXMhp\e, Y/ oty
3= A~ 9+ fRov) o,
~> 4"z
—b 3= oL@t

— o't P

Theorem. let J ke o Smgoth  veuton freld oy ¥ Thn Js o« Bobi
Steld H Thee & QponlEsic. variaion 1: C&e)xipa] > sch then

J- gﬁls
floof
let J he o _JQCB‘OT field-  le+t (¢ €1 DM
olloy = Y10, o 1oy = Jl& %\r@fivj@ﬁg?-“%
Let X be o vere field ox,lom)_ %, 1o = Gl B0
X(s) = Y1), Xw) = J'o) ZﬂLFt T &
Le4 Tlsh = e [t Xs), o 3io = a@tf“““-—!m (3eo)

floJ "') = €x\7310) ('(',Yllo)) = Y(+) :S:Slfg)

k:" ‘«j‘s_ﬂ%o



Kio) = 257 o) = Gl TG =ol y =32
K' (o) =%s‘f(°w>= ;9;; flo,O)

= bg—S‘Q:O S_Q-tf (Sr0) J10):
= '995'9=o‘ X = Xloy =3 o),

= K=1 N

J RO =g ylo) = P

J =", 7Fiv=w. ww) € B’

J ¢ the sev of  wlusons

S "T?MX-HM — 7 lineon- ]Qsmorphian, dim J= o0

T = {T7eF : Tw LYW frakt]

Claim: T = T @ sm {y, tv] Hen dim J- = 20

Popeition. Let TcT . Tha JeT* uf
<Jo)y Yw>=<T W, Y©®y =0
Broo . “dd? T ¥y = G+ 2479t <I0"

= - (ROEDTLYY = - RULYLY,T) =0

=) <J; Y|> = at+ b
bux (T Yy = £ (0. y'im>=0, Wehme a=b=0
e (1Y) =0

Pop. T = T @® span {¥.41]
pof . 14 guffices Ho ek thetr  dlim Tt =) Indey,
It { 1€ ; T LY 190, T iop2¥'9 ]
= 3§ ({Y'lo)} * x QY'IO)]‘L)

T4 follows that dinT' = dim Flt < {Y@]* = amn



J: epmalclrnsL Velocity  of geodesic Jo) =0 ~V. ) %
NE reading  reute eadesic g
rodng e of s 9{6 W2
R’-- g 12
Theorem - let Y :loa) =M he aaeodesfc with ;.
Yo =p Y= v Il =|
let J e a Jocabi el odong ¥ with
Jl)=p Jiy=w, [w]=1, <1r,w) =0 v
Then w.
1T ) = - 7 (vimr£> 4+ o () as t>o" ?.
Brf . EbIT = 2<T,00 0 =0 SR
-gl;,lo 115 = 2 <JHJ' )Lt 2¢7530), = 2wl =2
$Folo M= 4 <Pk 2G|t 2703
T 6 <3N = ~ESRODYLID)
= -6 {RWo> Lw =0
%}4 LI ARG P LN 22 L M E Y Aoy
= 8.3 37
T - GhROVD Y == R(Y'©. J10) V0
=) ‘gﬁ "= -8 ROV.wrw = -g semwy
Hhus . UI2 = t - 7% Seclv, ) T4 o (4)
= 4'-% Jeeccwy W) +4 + O(P)
B !
= = - 3 wmwt + 0@
= B e - L wmw oot
=) T = t- Lscmw i +o @)

Let XY Z b mwth  1ectr Helgs adore v .

LT(x Y

X(b) :O, -T}“’h.
Z) = TCY)XZ)Ig



Whae Tie o 2 - tenson

Hoof
X= X3 . Y=Y o,
B%Io T0Yx2) = FoxI T, %.2) = X'o) T(YD 3y, Z9)
= T(YWw), X, Z)
(onjugete  pow
Y el —M s @ geodesic , Yo =P.
Cef let 9=7Y(h) . 0<h<a. If 3 JeT o}, wity
Jw=0, I <o
We swy q is O lomugate point of p.
z .

> ™~ oon]ugm point o N
Y&) = W ost + VSint-

(

Wherg ne (o, 0,1 Y= (0. L)
Les f(3,+)= ey ( toao)

Whee, X (=¢.¢) > TP . O((O):Y'ID) .

let (U, %) = (U X5 X*) be oo chow nem~  Y(0). then Lex

z= 2

O('(O) <: W



Tz {TeT Jw=08 =3 (fJ=mm)  ~7 dmT,=n
“oso = 17¢T J=0. Jto=0] . YHo) Con)mgade point of p )/nptips bimTso >0
mul () =: dimJoa B AKX,

Y €T \Too ~»  dinToo <

G

Definiton. Lex §- M1 — A2 be sSmoth . 2€M, - 1 df 4 T fot
0L SUrjecrion, We sy 9 js o crtial poin-} b—P :f
If dim My = dim M, d‘fr s hol surjection <> ol is nat  injeetion

€ dim kesfy) 70

Jer Y ool >M b a 9eodesic
P= v 17 Ylto)
+then . MSE oxpp (£ Y0y) 1= exp. (o ¥'10)),
To=' 1Y) = Q= exp (1)
vaosit\‘on, 9 5 « Conjugecie  poins tf vo IS & critical poimt of op, Moreawer, i
A is o Criticd point of @f  mul @) = dinker (demp)n .
Per-If J €T, then.
J- %ls=° eXpp 1 (7100t 3T 10) =:§glj‘(s,t)
T4 sutfices 10 checle +Hhox dim Joo = clim ker ( @exrr)m,)
Jl) = tElso e, (oY )+ 83'19)
= @p),, (1T =t (dep), (Ju)
Lt Followy th ot :
J€Tow € (d P ) e ( J'0) =0
€ T e ker(dep),

Joo = S Gﬂf x Ker (clewp, b )



Jocobi field on o monifold with constamt  Curvature

Def - let ot :Tab] 5 M be & smooth ture , X 15 @ vechn field aloy o+ I

4% <o
We say X T o parallel vector Tl akorg o
fid=e o = {soeton of ()7
Xlo) = x

Popesition. Lot X, Y e o , Hhen
(XYY = xo), Yi)

Dt . let y: loal =M be o gpavkesic Yl =p
TpM = ‘3ran{ eitis {eneg) =§j
lev E{ be the pomlel vector fieds odmyy with Ei@=el then
(Eith, Ejth > = 84 ¥ telo,a]
5= ¢ gondesic Trome.

M ton St curonure k. .
R{x y,uv) = R (< xurcy, w> — Govd> <y uy)
RIX, Y)u = 4L(<xury - {purx)
Qiven Y : Ta.b]>M geodesic LYW =p Y] =)
let (B be a geodesiC {rame Loy T.
En (o) =Y). = En=Y
lea J€T. J = 2k
0=7" 1 R(Y.7)Y
= 3 &NE ALY - CTr)
= 2 AEi + ’L\( D iF - i En )
= ?i'(o(“i*ko{‘\) Ei + dnkn
=), {0(“('})20\( =q. Isisha

oL =



o i =Jii+ bit k=0

Wi 0sfli+) + i Sin {TE 1) R>0.
R i LoSh (K t) +bi sih (k1) k <0
“n = Ontnt

k=0
J') =0 Fp5
h-l -
T = T GOSEEL + & bidin Jm Eu R >0.
+  On Y'H) +  bntY'W.
M = 8"
Y:olo2m) — M. geodesic. Yl=p e ytm=2.
J = L0ttt EC+ ZbistE T oY 4 bty

let W =0 Hvak L ofhen JeTp. Les
J= % bismt Ei. = Jin) =0.
'\‘hMS U is the Unighe W)Vlga’rt {b';” b‘f ?
mul (4) = dimToo = N~



